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Abstract. Let E be an elliptic curve defined over a number field F, and let 
p be a prime > 5. In this paper we study the structure of the Selmer group 
of E over p-adic Lie extensions Fod of F. In particular, under certain global 
and local conditions on Foe we relate the generalised Gal(i ? 00 /i ;, )-Euler char- 
acteristic of Sc\(E / Foo) to the generalised Euler characteristic of the Selmer 
group over the cyclotomic Z p - extension of F. This invariant generalises the 
classical Euler characteristic to the case when rankz E{F) > 0. Moreover, we 
show that the global and local conditions on Foo are satisfied for a large class 
of p-adic Lie extensions of F. 
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1. Introduction 

1.1. Statement of the main results. The study of the Euler characteristics of 
Selmer groups of motives over p-adic Lie extensions is a first step towards un- 
derstanding exact formulae in non-commutative Iwasawa theory. The aim of the 
present paper is to generalise the results in |21j , in which the motive in question is 
an elliptic curve of rank zero, to the case of general rank. The results are part of 
the author's Cambridge PhD thesis |22j . 

Let F be a finite extension of Q and p any prime number > 5. Write F cyc for 
the cyclotomic Z p -extension of F, and put P = Gal(F cyc /F). Let Foo be a Galois 
extension of F, and write E = GaX(F 00 /F). We shall assume throughout that Foo/ 
F is an admissible p-adic Lie extension, by which we mean that it satisfies: (i) E is 
a p-adic Lie group, (ii) the extension Foo is unramified outside a finite set of primes 
of F, (iii) Foo 3 F cyc , and (iv) E has no element of order p. Such admissible p-adic 
Lie extensions are omnipresent in in arithmetic geometry. For example, if V is a 
finite dimensional vector space over Q p of dimension n on which Gal(F / F) acts 
continuously, then the splitting field Foo — Foo(V) is such an admissible p-adic Lie 
extension under rather mild hypotheses, e.g. (i) V is unramified outside a finite set 
of primes of F, (ii) the determinant of F s some power of the cyclotomic character 
giving the action of G&\{F/F) on the group p p = of p-power roots of unity, and 
(iii) p > n + 1 with n > 2. By a basic result of Lazard [33] and Serre [IS], E has 
finite p-cohomological dimension, which is equal to its dimension d as a p-adic Lie 
group. If X is any discrete p-primary E-module, we say that X has finite E-Euler 
characteristic if £P(E, X) is finite for all i, and when this is the case, then we define 

X (E,X) = n(#^(S,X)) ( - 1)< 

Now let E be an elliptic curve defined over F, and write Se\(E / Foo) for the classical 
Selmer group of E over Foo, endowed with its natural left action of E. Assume for 
the rest of the paper that E is ordinary at p in the sense that E has good ordinary 
reduction at all places v of F divising p. Our results depend on the analogue of 
Mazur's conjecture for the extension Foo/F which is made in [2] and which we now 
explain. For any compact p-adic Lie group G, write A(G) = Z P [[G]] for the Iwasawa 
algebra of G (see Section [T3J . Put H = Gal^/F^), and let 9Jtjj(E) denote the 
category of all finitely generated A(E)-modules M such that M/M(p), where M(p) 
denotes the p-primary submodule of M, is a finitely generated A(_ff)-module. Let 

C(E/Foo) = Uom(Se\(E/Foo),Qp/Z P ), 

endowed with its natural left A(E)-module structure. Then it is conjectured in [2J, 
and proven in some special cases, that we always have C(E/Foo) € 9Jt#(E). 

The essential change of hypotheses from our previous paper [21] is that we now 
assume that we no longer assume that the group E(F) of ^-rational points on E 
is finite (but we do assume that the p-primary subgroup UI(E / F)(p) of the Tate- 
Shafarevich group of E over F is finite). Thus it is no longer true that Se\(E/Foo) 
has finite E-Euler characteristic once E(F) is infinite. Instead, we have to consider 
the generalised E-Euler characteristic of Se\(E/Foo) (see Section [23]) . whose defi- 
nition depends essentially on our hypothesis that F cyc C Foo ■ We can also consider 
the generalised T-Euler characteristic of E over F cyc , whose value has been com- 
puted by the fundamental work of Perrin-Riou [15] and Schneider [17] . In order to 
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relate these two generalised Euler characteristics, we have to impose the following 
two hypotheses on the extension Foo over F: 

• (Fin 9 ; ofc ) H l (H, E p oa (F^)) is finite for all i > 0. 

• (Fin; oc ) For any prime v of F dividing p, H l (H w , E v _ p ^ (fcoo^)) is finite for 
all i > 0. 

We discuss below a general class of admissible p-adic Lie extensions for which 
(Fmgiob) and (Fin; oc ) will be proven to hold. 

Theorem 1.1. Let F be a finite extension o/Q, E an elliptic curve defined over F 
and p a prime > 5. Let be an admissible p-adic Lie extension of F with Galois 
group £ = Gal^F^/F). Assume that (i) U1(E/ F)(p) is finite, (ii) E is ordinary 
at p and (Hi) C^E/F^) € 97tfj(£). Also, assume that both (Fin g i i,) and (Fin-i oc ) 
hold. Then Sel(£'/i ;l 00 ) has finite generalised Yi-Euler characteristic if and only if 
Se\(E / F cyc ) has finite generalised T-Euler characteristic, and if this is the case, 
then 

(1) x(£, Sel^/i^)) = X (T, Sel(£/F c » c )) x I TT L V (E, 1) . 

Here, SJl is the set of primes of F not dividing p whose inertia group in E is infinite, 
and for a prime v 6 971, L V (E, s) denotes the Euler factor of E at v. 

Remark. If Sc\(E/F) is finite, then as shown in [6], C(E/F c y c ) is a A(r)-torsion 
module and Se\(E / F cyc ) has finite T-Euler characteristic. Also, the assumption 
that C(E/F oa ) G 9Jt ff (E) implies that C(E/F 00 ) is A(S)-torsion (c.f. Proposi- 
tionEU and C(E/F cyc ) is A(r)-torsion (c.f. Lemma EToT). so TheoremOis indeed 
a generalisation of Theorem 1 in |21j . 

We show in Section[5]below that the conditions (Fm g i i,) and (Fin; oc ) are satisfied 
for a large class of p-adic Lie extensions of F. Assume that F^ is the fixed field of 
the kernel of some continuous representation 

p : Gal(F/F) ► V 

of Gal(F/F) on some finite dimensional Q p -vector space V. For a prime v of F 
dividing p, denote by p v the restriction of p to Ga\(F v / F v ) . Let H — Gal(F oo /i ;i02/c ), 
and denote by Lie(iJ) its Lie algebra. 

Theorem 1.2. [(i)] 

(1) If Lie H is reductive, then (Fin g i b) is satisfied. 

(2) Suppose that for every prime v of F dividing p, the representation p v is de 
Rham and the eigenvalues of Frobenius on 

(V® Qp B s4 ) Gal ^> 

are Weil numbers of the same parity (c.f. Section Here, M st denotes 
Fontaine's ring of periods. Then (Fini oc ) is satisfied. 

Acknowledgements: I am very grateful to John Coates for his support and 
encouragement during my PhD and for his interest in my work. I also thank David 
Locfflcr and the referee for their careful reading of the manuscript. 
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1.2. Notation. For a field F, which will always be a finite extension of either Q 
or Qi for some finite prime I, we denote by F its algebraic closure. Given a finite 
set S of primes of F, let Fs be the maximal extension of F contained in F which 
is unramified outside S. For an extension L of F contained in Fs, we write Gs{L) 
for the Galois group Gal(Fs/L). 

For an odd prime p, denote by ii p ^ the group of p-power roots of unity of F. 
Let F cyc be the cyclotomic Z p -extension of F, which is the unique Z p -extension of 
F contained in F(n p oo). Denote the Galois group of the extension F cyc /F by T. 

If G is a compact p-adic Lie group, define its Iwasawa algebra A(G) to be the 
completed group ring 

A(G) = limZ p [G/[/], 

where U runs over all open normal subgroups of G. 

For an abelian group M and to e N, let M m be the subgroup of M whose 
elements are annihilated by to. Given a prime p, define the p-Tate module of M to 
be the inverse limit 

T p M = fimMpn. 

If M is p-primary with the discrete topology, then the Pontryagin dual 

M v = Hom cts (M,Q p /Z p ) 

of M is a compact pro-p abelian group. 

Let G be a profinite group and M a G-module. Write M G for the G-invariants 
of M. If M is a discrete p-primary G-module, then the induced action of G on M v 
is given by 

(af)(x) = f(a- l x) 

for all a e G. If M is a discrete G-module, then H l (G,M) denotes the ith coho- 
mology group formed by continuous cochains. 

For a number field F and a finite prime v of F, denote by F v the completion of 
F at v. If L is an algebraic extension of F and w a prime of L above v, then L w is 
the union of the completions at w of all finite extensions of F contained in L. For 
an elliptic curve E defined over F, denote by c v the Tamagawa factor of E at v, 
which is defined as 

c v = [E(F) : E (F)}, 

where Eq(F) denotes the subgroup of points of E(F) which have non-singular 
reduction. Let L V (E, s) be the local Euler factor of E at v. If E has good reduction 
at v, then E v denotes the reduction of E mod v. 

2. Preliminaries 

2.1. The Selmer group. Let S be a finite set of primes of F containing all the 
primes dividing p, all the primes where E has bad reduction and all the primes of 
F which ramify in Foo . Note that the choice of S implies that i 7 ^ C Fs ■ Let L be 
a finite extension of F contained in Fs- For each finite place v of F, define 

J„(L) = 0H 1 (L tu ,F)(p), 

w\v 

where w runs over all primes of L dividing v. Let L w be cin algebraic closure of Lw 
By choosing an embedding L c L w , we can consider Gdl(L w /L w ) as a subgroup of 
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Gal(i/L), so we get the localisation map 

(2) A s (L):ff 1 (G s (i) I V)^04(L). 

ves 

induced by restriction. 

For an infinite algebraic extension K of F contained in Fs, define 

J V {K) =lim J V (L), 

where L runs over all finite extensions of F contained in K and the inductive limit 
is taken with respect to the restriction maps. Also, define 

\ S {K) = limAs(i). 

The following theorem is well-known (c.f. Section 2.2 in [S]). 

Theorem 2.1. Let K be an extension of F contained in Fs- Then Se\(E/K) is 
given by the exact sequence 

->■ Se\(E/K) ->■ ^(GsiK), E p oa) -> J V (K). 

ves 

In particular, Sel^/i 7 ^) is given by 

(3) -> Scl^/Foo) -> H 1 (G s ), E p ~ ) Qj,^). 

ves 

2.2. The category 9Jtff(£). In [T3j, Lazard has proven the following important 
result. 

Theorem 2.2. Let G be a pro-p p-adic Lie group with no element of finite or- 
der. Then the Iwasawa algebra A(G) is left and right Noetherian and has no zero 
divisors. 

Let R be an open pro-p subgroup of E. Then Theorem 12.21 implies that A(R) 
has a skew field of fractions K(R) (c.f. Chapter 9 in [5]). 

Definition 2.3. For a finitely generated A(i?)-module M, define 

rank A ( S ) M = 1 dim x(fl) A/ (g) A(fl) A(i?). 

Then M has rank if and only if it is a torsion A(E)-module. 

It is a simple (but crucial) observation that OTjj(S) is a subcategory of the 
category of finitely generated torsion A(S)-modules. 

Proposition 2.4. Let M £ 9Jtff(£). T/ie« M is a torsion A(S) -module. 

Proof. It is clearly sufficient to show that M/M(p) is a torsion A(E)-module, so we 
assume without loss of generality that M is finitely generated over A(H). If M is 
not a torsion A(E)-module, then ranky\( S ) M > 0, so M contains a copy of A(E). 
But H is not of finite index in E, so A(E) is not finitely generated over A(H), giving 
the required contradiction. □ 

Together with the main result of Section 3.3 in [21] we obtain the following result, 
which will be important in Section [4.31 
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Proposition 2.5. Suppose that E has either good ordinary or split multiplicative 
reduction at all primes of F dividing p. If C(E/ -F00) G 9Kff(£), then we have a 
short exact sequence 

. SeliE/F^) ► H 1 (Gs(F OQ ), E p oa) @ J^F*,) - 0. 

ves 

Here, S and J v (Foo) ctre defined as in Section \2.1\ 

The condition that C(E/F OQ ) £ OTjj(E) also has the following important conse- 
quence. 

Lemma 2.6. IfCiE/F^) e £!##(£), then C(E j F c v c ) is A(T)-torsion. 

Proof. \{C{E/F <X ) € 9Jt ff (£), then as shown in [2], Sel(£'/F 00 ) ff is a cotorsion 
A(r)-module. Applying the snake lemma to the commutative diagram in Section B~2l 
shows that if i 7 ^ is admissible, then the kernel and cokernel of the natural map 

Sel(E/F cyc ) * Sel(E/Foo) H 

are finitely generated Z p -modules, which finishes the proof. □ 

2.3. Generalised Euler characteristics. Let D be a discrete p-primary T-module. 
Then we have 

H°(T, D) = D r , 
H\T,D)=D r , 
and hence there is an obvious map 

cf> D :H°(T,D) * H\Y,D), 

f 1 ► residue class of /. 

For a discrete p-primary E-module X, define 

d : H°(H,X) = H G (T,X H ) ±H H\T,X H ) ^ H^X), 
where the last map is given by inflation. Similarly, for i > 1, define 

di : /P(£,X) -» ^{T.H^H^X)) 0Hi(g -^ H 1 (T , H* (H , X)) ^ 

where the first map is given by restriction. Note that this map is surjective since 
cdp(r) = 1. For convenience, define gL_i to be the zero map. It is not difficult to 
see that (H l (H, X),di) forms a complex. Denote its homology groups by S)i. 

Definition 2.7. The E-module X has finite generalised E-Euler characteristic if 
fji is finite for all i > 0. We then define 



X (E,x)=n#^ i) 



i>0 

Note that this definition agrees with the usual definition of (E,X) if the groups 
H l (E,X) arc finite for all i. In this paper, we will only encounter the case when 
H°(E,X) and ff^SjZ) are infinite and £P(£,X) is finite for all i > 2. In this 
case, X has finite generalised E-Euler characteristic if and only if the map do has 
finite kernel and cokernel, and then 
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To see why this is a useful generalisation of the classical S-Euler characteristic, 
recall the definition of the Akashi series that first appeared in [6J (though not under 
this name) and was further studied in [2J. 

Definition 2.8. Let M G 9Jt ff (E). Then H t (H, M) is a torsion A(T)-module for 
all i > 0. Let gM,i be its characteristic element, and define the Akashi series of M 
to be the alternating product 

hi = Yl 9m j ■ 

i>0 

Note that f M is only defined mod A(L)*. 
Remark, [(i)] 

(f ) If M is a finitely generated torsion A(L)-module, then its Akashi series is 

the same as its characteristic element. 
(2) If X is a discrete p-primary E-module such that M = X v G dJljj(E), then 

we call /m the Akashi series of X, and by abuse of notation, we denote it 

by fx- 

Lemma 2.9. If we have a short exact sequence 

0-*-L->M->-iV->0 

in ajlfr(S), then f M = fufh- 

Proof. See Lemma 4.1 in [6]. □ 

Let M v be the Pontryagin dual of M. The following proposition gives a relation 
between /m and the generalised S-Euler characteristic of M v . 

Proposition 2.10. Let X be a discrete p-primary Yi-module such that X v G 
OJIhC^)- If X has finite generalised Yi-Euler characteristic, then the leading term 
of fx is axT k , where k is equal to the alternating sum 

fc = ^(-l) 4 cork Zp H*(H,Xf 



x{T.,X) = \a x \-\ 

Remark. This generalizes Lemma 4.2 in [B]. 

Proposition 12.101 is a direct consequence of the following lemma. 

Lemma 2.11. Let X be a finitely generated cotorsion A(T)-module, and let gx be 

a generator of the characteristic ideal of X y . If the natural map 6 : X T X r 

has finite kernel and cokernel, then gx(T) — T T f(t), where f{T) G A(L) ; T\ f(T) 
and r — corkw X r = corkz p Xr, and 

#kerW -1/(0)1- 



# coker(</>) 

Proof. To simplify notation, let M denote the Pontryagin dual of X, and let if> be 

the natural map ip '■ M r Mr. Assume that <f> has finite kernel and cokernel. By 

duality, this implies that the kernel and cokernel of tp are also finite, and ^0^(0) = 



s 
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^#kcr(V0 " Now ^ i s A(r)-torsion, so using the structure theorem for finitely 
generated A(r)-modules, we have a pseudo-isomorphism 

n 

MS0A(r)/( Si (T)) 

i=l 

for some <?i(T) € A(r), where we can use the non-canonical identification of A(r) 
with the power series ring over 7L V in one variable. We define the map ip 'component- 
wise', so we can without loss of generality assume that M — A(T)/(g(T)). If 
g(0) ^ 0, then M/TM is finite, so as shown in Lemma 4.2 in 10 , both M r and 
Mr are finite, and the result is immediate. Suppose that <?(0) = 0, and write 
g(T) = T n f{T), where f(T) e A(T) and T \ f(T). Now M T is the kernel of 

the map xT : M *- M, which is given by multiplication by T, so M T is the 

submodule generated by T^ 1 f(T) + (T"/(T)). Also, we have M T = M/TM, 
which is equal to A(T)/(T) since n > 1. Now A(T)/(T) = Z p , and the map ip is 
given by 

xj; : M T M r , 

h{T) + (T n /(T)) i h(0). 

It follows that if both ker(ip) and coker(^) are finite, then we must have n = 1, so 
in fact ker(V>) = and # coker(?A) = [Z p : /(0)Z p ] = (/(O)]" 1 . □ 

Proof of Proposition \2.1(A Recall that the map di is given by 

(4) dr : H 1 (J:,A) H l {H,Af H l (H,A) r ^ 

It is not difficult to see that if A has finite generalised S-Euler characteristic, then 
<j>i has finite kernel and cokernel for alH > 0. A careful analysis of the maps in (j4]) 
shows that 

#G = #kcr(0 o ), and 

#G, = #ker(&)#coker(&_i) 

for all i > 1, where as before Gi — ker(di)/Im(dj_i). The proof is now immediate 
from Lemma \2. Ill □ 

As shown in [16] the maps di can also be constructed as follows. 

Lemma 2.12. Let c be a generator of H 1 (T,Z P ). The the map di is given by 

di-.W&A) ► 

/I / U c. 

The following result will be useful. 

Lemma 2.13. Let <fi : A »• B be a homomorphism of discrete p-primary E- 

modules, and assume that <f> has finite kernel and cokernel. Then A has finite 
generalised Ti-Euler characteristic if and only if B does, and if this is the case, then 

x(S,A)=x(E,B). 

Proof. We can assume without loss of generality that ker(0) = 0, so we have a short 
exact sequence of E-modules 

A B ► C 0, 
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where C is finite. Taking E-cohomology, for alH > the long exact sequence gives 
homomorphisms 

fP(E, A) ► H l (^,B), 

which have finite kernel and cokernel since C is finite. These maps are compatible 
with the maps in the construction of the complex giving the generalised E-Eulcr 
characteristic, so it follows that A has finite generalised Euler characteristic if and 
only if so does B. By the multiplicativity of Akashi series in short exact sequences 
(c.f. Lemma [2H|) . we have 

!b = Ia x fc- 

But fc ~ 1 since C is finite, so the result follows immediately from Proposition ^. 101 

□ 

Remark. It is not true that the generalised S-Euler characteristic is multiplicative 
in short exact sequences. I thank Otmar Venjakob for pointing out to me the 
following example: identify A(T) with the power series ring Z p [[T]]. Then it is easy 
to see that in the short exact sequence 

(5) A(T)/T — A(r)/T 2 -A(T)/T -0 

the first and the last non-trivial modules have finite generalised T-Euler character- 
istic, but the middle one does not. 

2.4. The large Selmer group Se\' (E/F cyc ). Let S' be the subset of primes of F 
not dividing p which have infinite inertia group in E, and let S" = S\S' . Define 
the large Selmer group Sel' (E / F cyc ) by the exact sequence 

» Sel' (E/F cvc ) - H^GsiFW^Epao) ► J v (F c v c ). 

veS" 

Note. Since Se\'(E/F cyc ) depends on the extension F^, one should write Sel' \E / F cyc ) F<x 
but we omit the index to keep the notation as simple as possible. 

It is shown in [6 that if C(E/F cyc ) is A(r)-torsion, then Se\'(E/F cyc ) and 
Se\(E / F cyc ) are related by the short exact sequence 

(6) Se\(E/F cyc ) Se\'(E/F cyc ) J v (F cyc ) 0. 

veS' 

The generalised T-Euler characteristics of Se\(E/F cyc ) and Se\'(E/F cyc ) are closely 
related. 

Lemma 2.14. Suppose that Se\(E / F cyc ) is A(T)-torsion. Then the large Selmer 
group SeY (E / F cyc ) has finite generalised V -Euler characteristic if and only if Sel(E / F cyc ) 
does, and if this is the case, then 

X (r,Se\'(E/F cyc )) = x (T,Sel(E/F cyc )) x I TT L V (E,1) . 

vES' 

Proof. By Lemma \2. 131 and equation (j6|), it is sufficient to show that J v (F cyc ) has 
finite T- Euler characteristic for all v £ S', and that 

x(T,J v (F cyc )) = \L v (E,l)\. 
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Shapiro's lemma gives canonical isomorphisms 

ff°(r, J V {F C ^)) - H\T v ,H\FT,E){p)), 

H 1 ^, J v (F cyc )) = H 1 (r v ,H 1 (F^ J yc , E)(p)), 

where T v is the decomposition group in T of some fixed prime of F cyc above v. 
Since v \ p, Kummer theory shows that 

H 1 {F.w JC ,E)(p) = H 1 (F^ yc 1 E p ^). 

Applying the Hochschild-Serre spectral sequence to the extension F^ yc of F v gives 

a short exact sequence 

(7) 

► H\T Vl E p ~(F c w yc )) ► H\F V ,E P -) ► H° (T v , H 1 {F^° ,E p °o)) 

and an isomorphism 

(8) H 2 {F v ,E p ^)^H 1 {T v ,H 1 {F^,E p o )). 

Since E p ^(F v ) is finite, local duality implies that H 2 (F v ,E p ^) = 0, so 

H\T v ,H 1 (F3> c ,E p ~)) = 0. 

Also, it is shown in [5], Lemmas 3.6 and 3.8, that the groups H 1 (T v ,E p a (F^ c )) 
and H 1 (F v ,E p oa) are finite, and that 

1 (r„, Epoo (F£y°)) = (c- 1 x L v (E,l)\ p , 

#H 1 (F v ,E p oa) = \cy\~ 1 , 

which finishes the proof. □ 

Remark, [(i)] 

(1) Since J v (F cyc ) has finite T-Euler characteristic, it follows from Lemma l2.11l 
that the characteristic element of J v (F cyc ) has nonzero constant term of 
value \L V (E, l)\ p . 

(2) By the multiplicativity of characteristic elements in short exact sequences 
(c.f. Proposition [231), equation (|6]) implies that 

fscl'(E/F c y=) — fsel(B/F°y c ) X TJ f v , 

where for each v £ dJt, f v denotes the characteristic element of J v (F cyc ). 
3. Local results 

For a prime v of F, denote by H w the decomposition group in H of some fixed 
prime w of Fqo above v; note that H w can be identified with the local Galois group 
GbX{F^ w /F^ c ). Similarly, let £„ = G&\{F^ W /F V ) and r„ = Gal(F£ yc /F v ). We 
use the notation introduced in Section [2. II 

3.1. Local Cohomology. 

Lemma 3.1. Let v G S". Then for all i > there are canonical isomorphisms 
H l {H, J^Fco)) <* H z (H Wl H 1 {F oc ^ w ,E){p)). 

w\v 

Proof. Easy consequence of Shapiro's lemma. □ 
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Lemma 3.2. If v G S" not dividing p, then 

H i (H,J v (F oo ))=0 

for all i > 0. 

Proof. Since the inertia group of v in E is finite, it follows that I^oo,™ 1S a finite 
extension of Ffff c . Now by assumption, H w has no element of order p, so the Galois 
group H w = Gal(Foo ilu / F£ yc ) is of order prime to p. The result is now immediate 
from [331 □ 



Now let v be a prime of F dividing p, and denote by k c 
Foo,w and by E v the reduction of E modulo v. 

Lemma 3.3. Let v be a prime of F dividing p and assume that E has good ordinary 
reduction at v. Then for all i > 1, there are canonical isomorphisms 

H^H^H^F^E)^)) S ff l+2 ( J ff lu ,^, p o (fc 00 , lu )). 

Proof. The extension Foo tW of i 7 ^ is deeply ramified in the sense of [3] since it 
contains the deeply ramified field F^ yc , so there is a canonical isomorphism of Em- 
modules 

(9) H 1 (Foo iW ,E){p) = if 1 (Foo )UJ , E ViP ao ) . 

Again using Tate local duality, we see that 

(^oo,u;: Ey^poo^j 

for alH > 2. The lemma now follows from applying Hochschild-Serre for the module 
on the right of equation © to the extension Foo lW over F^ v °. □ 

3.2. Analysis of the local restriction maps. Recall that we have defined the 
local restriction map 

ls{F cyc ) =07-, 

w | S" 

where w runs over all primes of F cyc lying above primes in S'\ and where 

lw : H 1 (F!*i c , E){p) -> H^F^EXp)"™. 

Lemma 3.4. Lef w be a prime of F cyc which divides a prime in S" but does not 
divide p. Then both ker(7 UI ) and coker(7 UJ ) are zero. 

Proof. By inflation-restriction, we have 

ker( 7 „) =H 1 (H w ,E p <x> {F^^)), 

coker(7„,) =H 2 (H W , E p ao (F^^)). 

But H w is finite of order prime to p, which proves the lemma. □ 

Lemma 3.5. Let v be a prime of F dividing p, and let w be a prime o/i 7 ^ above 
v. Then 

ker(7 lu ) = H 1 (H w ,E V!pX .(k 00>w )), 
coker(7 u ,) = H 2 (H W , E vp oo(k oow )). 
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Proof. Both Foo )W and F^ yc are deeply ramified in the sense of [3], so we have 
isomorphisms 

H^F^^E^p) Si H^F^^E^k^)), 
H (Foo, w , E)(p) = H {F 00 ^ w ,E v ^{k 00 ^ w )). 
The lemma now follows from the inflation-restriction exact sequence. □ 

4. Global results 

Define the following hypotheses: 

• (Tors cac ) C{E/F cyc ) is A(r)-torsion, 

• (Torsoo) C(E/Foo) e SOTh(S). 

Recall that (TorSoo) implies (Tors cyc ) by Lemma l^tH To simplify notation, define 
the condition 

• (Fin) Both (Fin g ; b) and (Fim oc ) are satisfied. 

4.1. Global cohomology. 

Lemma 4.1. Suppose that (TorSco) holds. Then there are canonical isomorphisms 
H\H, H^GaiF^Ejflo )) = H Z+2 (H, E p °° {F^)) 

for all i > 1. 

Proof. By Proposition 6 in [21] . we have 

H i (G s (F oo ),E p o O )=0 

for all i > 2. Also, it is well-known that the condition that C{E/F cyc ) is A(r)- 
torsion implies that H 2 (Gs(F cyc ), E p ^ ) = 0. The lemma now follows from applying 
Hochschild-Serre to the extension F^ over F cyc . □ 

Remark. If E p ^ is rational over i 7 ^, then we do not need assumption (TorSoo) 
(c.f. Theorem 2.10 in [5]). 

4.2. Calculation of x(r, Sel(-E'/-F 0O ) ii J . In this section, we relate the generalised 
T-Euler characteristic of Sel(E/Foo) H to the generalised T-Euler characteristic of 
Sel (E/F cyc ). Taking .//-invariants of ([3]) gives the commutative diagram 



->Sel(£yF 00 )* — H^GsiF^tEpoo)" J v (Foo) H 



a 



% s (F cyc ) 



O^SeY (E/F cyc ) — H 1 (F s (F cyc ), E p oo) 1 J v (F cyc )^ 

Here, 7s(F cyc ) = © Hs » 7™^), where 

7lu (^ c ) : H\F^ yc ,E)(p) ► H\F^ w ,E){p) H ^ 

and we write w\S" if w is a prime of F cyc dividing a prime in S". 
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Proposition 4.2. Let be an admissible p-adic Lie extension of F. Suppose that 
the conditions (Fin) and (Tors cyc ) hold. Then Sel(E / Foo) has finite generalised 
T-Euler characteristic if and only if so does Scl' (E / F cyc ) , and if this is the case, 
then 

X (r,Sel(£/F 00 ) ir ) = X (r,Sel'(i?/F^)). 

Proof. Apply the snake lemma to the above commutative diagram to get an exact 
sequence of T-modules 

ker(a) ker(/3) ► ker(7) 

coker(a) ► coker(/3) coker(7) 

Let A = SeY (E / F cyc ) / ker(a). Inflation-restriction shows that 

kev(f3)=H\H,E p o (F 00 )), 
cokcr(f3)=H 2 (H,E p ~{F 00 )) 1 

which arc finite by assumption. It follows that ker(a) is finite, so by Corollary 12. 131 
A has finite generalised T-Euler characteristic if and only if so does SeY(E/F cyc ), 
and then A) = x(r, Sel' (E / F CVC )Y We clearly have an exact sequence of 
T-modules 

► A SeliE/Foc) 11 ► coker(a) 0. 

By Lemma r2.13l it is sufficient to show that coker(a) has finite T-Euler characteristic, 

and that x(l\ coker(a)) = 1. The map ker(7) ► coker(a) has finite kernel 

and cokernel, so it is sufficient to show that ker(7) has finite generalised T-Euler 
characteristic, and %(r,ker(7)) = 1. Now by Lemmas 13.41 and 13.51 for i = 0, 1 we 
have 

H*(T, ker( 7 )) = JT(r„, H^H^E^ (*«,,,»))), 

v I p 

where w is a fixed prime of F cyc above v for each prime v of F dividing p. It is 
therefore sufficient to show that H 1 {H Wl E ViP oe (koa,w)) nas finite generalised r„- 
Euler characteristic for each v\p, and 

x{^'v,H 1 {H w ,E v ^(k 00 ^ w ))) = 1. 

But since we assume that E has good ordinary reduction at all primes of F dividing 
p, H l (H Wl E v ^(k 00 ^ w )) is finite for alii > by assumption, so clearly 

#H 1 (H w ,E VtP c X .(k 00 ^ w )) Tv = #i? 1 (i? tl) , I?t,,p== (fcoo,Mi))rv 

□ 

4.3. Calculation of Sel(£'/i ;l 00 )) . Recall that by Proposition 12.51 the as- 
sumption (TorSoo) implies that we have the short exact sequence 

(10) * Sel^/Foo) * H l {Gs{Foo),E p oo) » 0J„(F M ) » 0. 

v£S 

Lemma 4.3. If the conditions (Torsoo) and (Fin) hold, then H l (H , Se\(E / F^)) is 
finite for all i > 1. 
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Proof. Recall that we had defined the map 

It is easy to see that Im(7) is contained in lm(ips(Foo))- It is shown in Lemma l5~2l 
that coker(7) is finite, which implies that coker(^5(Foo)) is finite. Taking H- 
cohomology of (fTU|) . we get the long exact sequence 

. coker^s^oo)) Fl 1 (H, Se\(E / F^)) H\H, H^Gs^), E p ~)) 

* ••• (&H d (H, J^Foo)) - 

ves 

Here, d — dim(H) which is equal to the p-cohomological dimesion of H since H 
has no element of order p. By Lemmas I4.ll and I3.3[ for all i > 1 we have canonical 
isomorphisms 

H l (H, H 1 (G s (Foo ) , E p o, )) S H l+2 (H, E p - (F^ ) ) , 

and 

' ® w \ v H l+2 {H w ,E v ^{k^ w )) Hv\p 

otherwise 

As shown in Lemmas 15.41 and 15.21 these cohomology groups are all finite, so we 
deduce that H i (H, H 1 (Gs(F oc ), E p °a)) and H l (H, J„(-Foo)) are finite for all i > 1, 
which proves the lemma. □ 

Proposition 4.4. Let do be the map 

d Q : fl^SelOE/Foo)) - H 1 ^, Sel^/F^)) 

as constructed in Section \2.3\ . Then under the same conditions as in Lemma \4-3\ 
do has finite kernel and cokernel if and only if Sel (E/F cyc ) has finite generalised 
T-Euler characteristic, and then 

#kcr(rf ) x(r,Scl'(£/F c ^)) 



#coker(do) #H 1 (^Scl(S/F 00 ))) r ' 

Proof. As shown in Proposition 14.21 the map 

/ : ffO^Sel^/i^H ► H 1 {V ,Se\{E / F^ ) 

has finite kernel and cokernel if and only if Sel' (E j F cyc ) has finite generalised 
T-Euler characteristic, and then 

#ker(/) 



= X (T,Se\(E/F 00 ) H ) 



#coker(/) 

= x(r,Sel'( J B/F c ^)). 

Since cd p (r) = 1, Hochschild-Serre gives the short exact sequence 

H^T^E/F^)") — H^H^eliE/F^)) — H 1 (H,Se\(E/F OD )) r — 0. 

As shown in Lemma T5.41 if 1 (If, Se\(E / F^)) is finite, which implies the result. □ 

Proposition 4.5. Under the same conditions as in Lemma \4.3\ Se^E/Fpc) has 
finite generalised Yi-Euler characteristic, and 

X^SelOE/i^)) = x (r,ScY(E/F c y c )). 
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Proof. Since cd p (T) = 1, Hochschild-Serre gives exact sequences 

► i/' i - 1 (r,Sel(S/F 00 ))r ► SelLE/i^)) — - H\H, SeliE/F^f — * 

for all i > 2. It follows from Lemma [O] that H l (Y,,Se\(E / F^)) is finite for all 
i > 2. For i > 1, let 

h i = #H i {H,Sel(E/F 00 )) r . 
Since H l (H, Sel(E/Foo)) is finite for all i > 1, we have 

#H l (H, SeliE/F^f = #H\H, Sel(£;/F 00 ))r, 

and so 

#f?*(E,Sel(f7/J , 00 )) = hi-ih* 

for alH > 2. Hence 

Combining this with Proposition 14.41 shows that Sel^/i 7 ^) has finite generalised 
E-Euler characteristic, and 

X (E, SeliE/F^)) = X (r, Sel'(£/F c ^)). 

□ 

4.4. Example. Let E = Xi(ll), which is given by the equation 

E : y 2 + y = x 3 - x 2 . 

Take p = 7 and F — Q(fJ-r)- Note that E is ordinary at 7. Chris Wuthrich has 
shown the following result. 

Proposition 4.6. C(E/F cyc ) is a finitely generated Z p -module of rank 1. 

Corollary 4.7. There exists u € Z* such that the characteristic power series of 
C(E/F°v c ) is uT. 

Corollary 4.8. 1H(E/F)(7) is finite. 

Proof. One can show that rankz E(F) = 1. It is well-known that there is a short 
exact sequence 

► lim£;( J F 1 )/7™ Se\(E/F) ► UI(E/F)(7) » 0, 

so if UI(E/F)(7) is infinite, then rankz 7 Sel(E/F) > 2. Applying the fundamental 
diagram (c.f. diagram (16) in [4]) to the extension F cyc of F, one deduces that 
the leading term of the characteristic power series of C{E / F cyc ) has exponent > 1, 
giving a contradiction. □ 

Let m > 1 be an integer, and consider the extension Foo — F^fi^x , 7 °^/rnj , which 
is a Galois extension of F with Galois group £ = Z p x Z p . 

Lemma 4.9. ^4 prime I of F has infinite inertia group in F^ if and only if l\7m. 
Proof. Lemma 3.9 in [TT]. □ 
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Theorems 3.1 and 3.7 in [TT] imply that C(E/F oc ) € 971// (E), so all the conditions 
of Theorem 11.11 arc satisfied. Let m = 113. Since 113 = 1 mod 7, 113 splits 
completely in F. Note that E has good reduction at each prime v of F above 7 
and 113. By definition, we have 

L v (E,s) = (1 + a.q- 1 + q- 2 )^ 1 , 

where q v is the order of the residue field of F v and a v = q v + 1 — #E v (k w ). Ex- 
plicit calculation shows that a v = —2 for v\7 and a v = 9 for all i>|113, and hence 
\L V (E, 1)| 7 = 7 2 for v\7 and |Z„(.E, 1 ) | r = 1 when w|113. It therefore follows from 
Theorem 11.11 that C(E/F 00 ) has finite generalised Euler characteristic, and (up to 
a unit in Z7) 

X (E,C( J B/F 00 )) =7 8 . 

5. Global and local finiteness conditions 

5.1. The general case. Recall the following conditions: 

• (Fin g/ofc ) H i (H,E p oo(F 00 )) is finite for all i > 0. 

• (Fin; oc ) For any prime v of F dividing p, H l (H Wl E v ^ (fc^.^)) is finite for 
all i > 0. 

The aim of this section is the proof of Theorem 11.21 which defines a class of 
admissible p-adic Lie extensions of F for which the conditions (Fin g i b) and (Fin; oc ) 
are satisfied. Assume that i 7 ^ is the fixed field of the kernel of some continuous 
representation (p, V) of G&\(F/F) on a finite dimensional Q p -vector space V. For 
a prime v of F dividing p, denote by p v the restriction of p to Gal(F v /F v ). 

Definition 5.1. Let v\p, and let V q be the residue field of F v . A Weil number of 
weight w £ 7L with respect to q is an algebraic number all of whose archimedean 
absolute values are q% and its u-adic absolute value is 1 for any non- archimedean 
prime u which does not divide p. 

Proposition 5.2. Let v be a prime of F dividing p, and let w be a fixed prime of 
Fqo above v. Assume that the representation p v is semistable. Also, assume that 
the eigenvalues of the Frobenius endomorphism $ acting on the filtered module 

D(V) = (M st ®Q p y)Gal(F„/F„) 

are Weil numbers of fixed parity. Then H l {H Wl E VjP °a (fcoo,u>)) is finite for all i > 0. 

Proof. If E v ^{k oa . w ) is finite, then the result is immediate. We can therefore 
assume that E v<p oo is rational over fcoo,™- Let ifoo denote the maximal unram- 
ified Zp-extension of F^ yc contained in -Foo.mji and define the Galois group A = 
Gal(-Hoo I F^ c ) . Let and D denote the respective Lie algebras. Define the Q p - 
vector space V P (E) = T p (E) ® Zp Q p . By Theorem 2.4.10 in Chapter V of Q3], it is 
sufficient to show that H l (SjQ p , V p (E)q ) = for all i > 0, where for a Q p -vector 

space W, we use the notation Wq p = W®q p Q p . Let D(V) = (B s t® Qp F) Gal ^/- p '«'), 
and let ii < • • • < id denote the Hodge- Tate weights of the natural filtration of 
D(V). Let Ai,...,A(j denote the eigenvalues of the Frobenius endomorphism $ 
acting on D(V). By assumption, these eigenvalues are Weil numbers of a fixed par- 
ity. Then as shown in [5] there exists an element leij such that the eigenvalues 
of X on Vq p are of the form log w (Ai<7 -11 ), • • • j ^°STr(^d,q~ ld ) , where the number ir is 
chosen to be transcendental over Q. This choice guarantees that log 7r (z) is nonzero 
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for every element z € Q p which is algebraic over Q and not a root of unity. Since 
the representation of H w on V is faithful, the eigenvalues {r]i}™ =1 of adj^ (X) are 

of the form \og 1T {\jq^' lj ) — \og^(\kq~ lk ) for some 1 < j,k < d, so in particular 
they can be written as log n (x), where a: is a Weil number of even weight. By the 
construction of the element X in [8] , it is not difficult to see that the image of the 
projection of X in is nonzero, so its action on V p (E)q is non-trivial. It is 
well-known that the eigenvalue fi of this action is of the form log^ (x) , where x is 
a Weil number of weight 1, i.e. it is of absolute complex value qi. It follows that 
/j — (rjj 1 + • • • + r]j k ) is of the form log^ft), where k is a Weil number of complex 
absolute value m/2 with m an odd integer. In particular, we have 

fi - (r) h +••• + % J 7^ 

for all choices 1 < j% < ■ ■ ■ < jk < n, so the representation of Sjq on V P (E)® 
satisfies Serre's criterion. As shown in [5], this implies that 

for all i > 0, which completes the proof. □ 

To prove Theorem 11.21 it remains to show that (Fin s ; f,) is satisfied. We start 
by proving the following lemma. 

Lemma 5.3. Let F be a finite extension o/Q, E an elliptic curve defined over F 
and p an odd prime. Let F^ be a p-adic Lie extension of F which contains the 
cyclotomic Z p - extension. If E p oo is not rational over F^, then E p ^{F 00 ) is finite. 

Proof. Suppose that Ep^lFoo) is infinite. Assume first that E does not have 
complex multiplication. If E p <x{F 00 ) has Z p -corank equal to 1, then V P {E) — 
T p (E)®z Q p has a 1-dimensional Gal(F/F)-invariant subspace. However, as shown 
in [19] , the Galois group of F(E p w) over F is an open subgroup of GL,2(Z P ), so the 
representation of Gal(F/F) on V P {E) is irreducible, which gives the required con- 
tradiction. Assume now that E has complex multiplication. We first show that the 
p-torsion points of E are rational over Foo. Let A = Gal(F 00 (£ , p )/F 00 ). It is well- 
known that the order of A is prime to p (cf. [H]). By assumption, E p (F aD ) ^ 0. By 
choosing a suitable Z/pZ-basis of E p , we get an isomorphism of A with a subgroup 

fl x\ 

of GL2(Z/pZ) consisting of matrices of the form I ^ ^ I , where x £ Z/pZ. But if 
fl x\ 

x =^ 0, then ( ^ ^ J generates a subgroup of order p. It follows that A is trivial and 

hence E p is rational over Foo. It is shown in [T5] that G&\(F(E p =a) / F) ~ Z p x Z p . 
Note that F(E p aa) contains F cyc by the Weil pairing. Let denote the extension 
of F generated by E p oc (F^). Then GaliK^/F) ^Z p x TLjp nr L for some n > 0. It is 
shown in [7] that E p =a (F cyc ) is finite, so and F cyc intersect in a finite extension 
of F. It follows that F(E p °v) = K 00 F cyc : which proves the proposition. □ 

Proposition 5.4. Let F be a finite extension o/Q and p a prime > 5. Let F^ be 
an admissible p-adic Lie extension of F with Galois group £ = Ga^i 7 ^ / ' F) , and let 
H = Gal^oo / F cyc ) . Assume LieH is reductive. Let E be an elliptic curve defined 
over F. Then H 2 (H, E p ^ (-Foo)) is finite for all i > 0. 

Proof. If E p <x> is not rational over F^, then as shown in Lemma |5.3[ E p ao{F 00 ) is 
finite. Recall the following result from [2D], Section 4.1: If G is a pro-p p-adic Lie 
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group and M a finite p- primary discrete G- module, then H Z (G,M) is finite for all 
i. Since Ep^^F^) is finite, this proves the proposition when H is pro-p. Suppose 
that H is not pro-p. Fix an open normal pro-p subgroup G of H. Since G is pro-p, 
i7 4 (G,£ , p =o(F 0O )) is finite for all i > 0. The finiteness of the H l (H ', E p °* (F^)) now 
follows from the Hochschild-Serre spectral sequence 



Suppose now that E p <=o is rational over i 7 ^. Let Sj denote the Lie algebra of 
H, and let V P (E) = T p (E) <g) Zp Q p , where T p (E) denotes the Tate module of E p *°. 
To prove the proposition, it is sufficient to show that H l (S),V p (E)) = for all 
i > 0. Let J = Ga\(F(E p ^)/F cyc ) and I = Gal^/F^). To simply notation, 
write 3 = Lie J and Z' = Lie /. Since Sj is reductive, it is easy to see that we have 
^ = 3' x 3. Now H % (Z,V P (E)) = for all z > (the case when E has complex 
multiplication is a direct consequence of Imai's theorem [13] . and the non-CM case is 
shown in the appendix of [7]). Since in particular H°(3, V P (E)) = and Z' — Sj/Z, 
applying the Hochschild-Serre spectral sequence to the ideal 3 of fj finishes the 
proof. □ 

5.2. A special case. When the p-adic Lie extension is generated by the points 
of p-power order on an abelian variety, then we can analyse the local cohomology 
groups in more detail. The aim of this section is to show that for such an extension 
the condition (Fin; oc ) is satisfied, without using the results in [5]. 

Let E be an elliptic curve and A an abelian variety, both defined over F, and 
assume that both A and E have either good ordinary reduction at the the primes 
of F dividing p. Let F^ = F(A p0 ,), S = Gal^oo/F), H = CaliF^/F^) and 
F = Gal(F c « c /F). 

Let v be a prime of F dividing p and let w be a prime of F cyc above v. We split 
the proof of (Finj oc ) up into two propositions. The first one of these propositions is 
only important here because its proof gives on a detailed study of the local Galois 
group H w which we need in order to show that (Fin; oc ) is satisfied. 

Proposition 5.5. Let v be a prime of F dividing p, and let w be a prime of F cyc 
dividing v. Assume that A has good ordinary reduction at v. Then 



as T v -modules, and H l {H w , Q p /Z p ) is finite for all i > 2. 

Remark. Observe that to prove the finiteness of H' l (H w ,Q p /Z p ) for i > 2, it is 
sufficient to show that H l (R,Q p /Z p ) is finite for some open normal subgroup R 
of H w , i.e. we can replace F v by any finite Galois extension which is contained in 
Foo,w Let Mqo be the maximal unramificd extension of F^ yc contained in F^^, 
and define the Galois groups M = G^F^/M^) and A = Gal(Moo/F° yc ). Then 
Foo,w is a finite extension of the unique unramified Z p -extension of F£ yc , so A 
is isomorphic to the direct product of Z p with some finite abelian group of order 
prime to p. By the previous remark, we can without loss of generality assume that 
A = Z p . Let 5 be topological generator of A. As shown in [10], we have 



H P (H, H q (G, Ep<*> (Foo))) => £P*«(JJ, 



H°(H W ,Q P /Zp) £* H^Hy,, Q p /Z p ) S Q p /Z, 



"p 



(11) 
(12) 



M<Rom{T p {A),T p (A)) 

= Hom(T p (i), Eom(Tp(A d ), Z p )) 
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where the equality comes from the Weil pairing and the observation that H w acts 
trivially on the p-power root of unity. Here, A d denotes the dual abelian variety; 
note that A d is isogenous to A over F v . It is easy to see that the action of 5 
on Hom(T p (A),T p (A)) is diagonizable over Q p , and the eigenvalues are {Ar Xj }, 
where the Xi are the eigenvalues of Q. As shown in [10] . the Xi are p-adic units 
and Weil numbers of absolute complex value q 1 ^ 2 , where q is the cardinality of 
the residue field of F v . Since M is a <5-invariant subspace of Hom(T p (A) , T P (A)), 
the action of S on M is also diagonizable. If $ denotes the matrix representing 
this action with respect to some fixed Z p -basis of M, then it follows that the 
eigenvalues {ctk} of $ are contained in {X~ 1 XJ 1 }, so in particular they are p- 
adic units and Weil numbers of absolute complex value g" 1 . Now clearly $ £ 
GL„(Z p ). Since 1 + M„(pZ p ) is an open subgroup of GL„(Z p ), we may without 
loss of generality assume that $ 6 1 + M„(pZ p ) (if necessary, replace F v by a finite 
extension contained in F^ yc ). Note that then the eigenvalues of $ are elements of 
1 + m, where m is the maximal ideal in the ring of integers of F v . 

Proof. Let F" r denote the unramified Z p -extension of F v . It is then clear from the 
above discussion that (up to a finite extension) F^ vc F™ r is the maximal abelian 
subextension of F^ yc contained in -Foo,u)j so H 1 (H W , Q p /Z p ) = Q p /Z p , which is an 
isomorphism of IVmodules since F^ yc n F™ r = F v . 

Observe that H i (H w ,Q p /Z p ) is finite if and only if H l (H w ,Q p ) = 0. Let Sj 
denote the Lie algebra of H. Then H l (H w , Q p ) is a Q p -subspace of H l ($), Q p ), so it 
is sufficient to show that H Z (F), Q p ) = for alH > 2. Denote by D and the Lie 
algebras of A and M, respectively. It is easy to see that D = Q p and 9Jt = Q p , both 
with trivial Lie bracket. Since M is a normal subgroup of H w , it follows that 9JI is 
an ideal of $), and we have a canonical isomorphism T) = f)/9Jt. Since dim(!D) = 1, 
for alH > 2 Hochschild-Serre [12] gives short exact sequences 

(13) o ► i^CD.iP-^Qp)) ► IP(Si,Q p ) W(M,Q p f 0. 

Here, the action of 35 on 9Jt is given by the adjoint representation 

ad : Sj End(OK), 

which factors though T) since 9JT is abelian. The idea now is to relate this action to 
the action by conjugation of H w on M, which factors though A since M is abelian. 
As observed above, 9JI is isomorphic to Q p with the normal vector addition. If 
mi, ... , mjv is a Z p -basis of M, an element of M is of the form m^ 1 . . . for 
some Xi £ Zi p . The log function is then given by 

log : M ► DJl, 

ml 1 . ..m x N N I (x\, ...,xjv). 

We remark that this corresponds to the inclusion of groups M 9JI. Again, let S 
be a topological generator of A, and denote by c(S) the action by conjugation on 
M: If 5 is any lift of 8 to H w and m £ M, then c(6)(m) = SmS -1 . If Lc(S) denotes 
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the induced action on £XJl, then the following diagram commutes: 

c(S) : M ► M 



Lc{5) m * m 

Now Lc(S) is Qp-linear, so if we consider our Z p -basis of M as a Q p -basis of 9Tt, 
then Lc(S) € Aut(50?) is also represented by The adjoint representation of A is 
therefore given by 

Ad : A Aut(OJt), 

$* | — ► 

By definition, ad = L Ad, where 

LAd : £> »■ iAut(aTt). 

Since Tt = we have Aut(3Jl) = GLjv(Q P ), and so LAut(£Dt) = End(S«) = 
Mjv(Qp) with respect to the chosen Q p -basis of 2t. For a matrix A — (a^) € 
M N (Q P ), define 

\A\ = sup \<Hj\. 

id 

This norm is compatible with the topology on Mjv(Qp), and 

M N (pZ p ) = {Ae M N (Q P ) : \A\ < p-^}. 
As shown in [I], we therefore have the exponential function 

exp : M N (pZ p ) ► 1 + M N (pZ p ), 

A n 

A I ►• S„>o — r, 

n\ 

which is an analytic isomorphism of p-adic analytic manifolds with inverse 
log : 1 + M N (pZ p ) M N (pZ p ), 

^^E n > 1 (-1)»+ 1 ^-^. 

n 

As observed before, we have 2) = Q p with trivial Lie bracket, and the log-function 
on A is given by 

log : A >► ID, 

S x I x. 

By the same argument as above, this allows us to identify A with a subgroup of 
971, i.e. the log- function is the inclusion map A <->• D. We have the commutative 
diagram 

Ad : A 1 + M N (pZ p ) 

log 



ad : D M N (pZ p ) 
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Recall that by assumption, we have $ £ 1 + Mn(pZ p ). Identifying A with its image 
in D, it follows that ad(<5) is represented by the matrix log($) = S i > 1 (— ^~ 1 - > . 
Now ad is Q p -linear, so if x £ T) — Q„, then 

ad(x) = a;log($). 

It follows that the action of T> on 971 is diagonizable over Q p , and the eigenvalues 
{fXi} of ad(<5) are the p-adic logarithms of the eigenvalues of c(6) acting on M. 
Observe that //j ^ for all i since the eigenvalues of c(6) are Weil numbers and 
hence cannot be roots of unity. 

Let if be a finite extension of Q p over which log(<I>) is diagonizable. For a Q p -vector 
space W, let Wk — W ®q K. It is well-known that 

H i (Sj K ,K) = H i (Sj,Q p ) K 

for all i. It is therefore sufficient to show that H 1 (F)k, K) = for all i > 2. (Recall 
what we are trying to prove!) Tensoring (|13l) with K gives short exact sequences 

. ^(DK.H^iMK.K)) * H\fi K ,K) * H\m K ,Kf K ► 

for all i > 2. Here, the action of 'Dk on 9Jt/f is the natural extension of the 
action of D on 9H that we have analysed above, so it is diagonizable. Decompose 
DJl K = SDtiffi- • -©971jv as a direct sum of eigenspaces, and denote by /Xj the eigenvalue 
of (5 acting on 931^. Identifying with K, we have shown that an element k £ Dk 
acts on 9Jlj as multiplication by kfj,i — fclog(a i ), where a, is a Weil number of 
absolute complex value q^ 1 . For < j < N, let S}>j = fy/DJlj+i ffi • • • ® 9JIn- 

Claim (I). Let X = K such that (i) 9Jt„ acts trivially on X for all 1 < n < j, and 
(ii) k £ 'Dk acts on X as multiplication by k log(a), where a is a p-adic unit and 
Weil number of complex absolute value q s for some s > 0. Then H l (S)j : X) = for 
all i > 0. 

To prove the claim, we will use repeatedly the following observation: Let 25 be a 
1-dimcnsional Lie algebra over a field K 1 and suppose that acts nontrivially on 
a 1-dimensional if -vector space V. Then V has trivial 25-cohomology. 

Proof of Claim I. We procede by induction on j: 

j = 1: The case when i = is clear. Suppose that i > 1. Now dim(9Jti) = 1, so 
Hochschild-Serre gives an exact sequence 

► H^Dk^) ► ii 1 (io >1 ,X) ► H'iM^Xfx » 

and isomorphisms 

H i {? )>1 ,X)^H i - 1 {® K ,H 1 {m l ,X)) 

for all i > 2. Now dim(£> K ) = dim(fl' 1 (3Jli,X)) = 1 and k £ T>k acts on 
ii 1 (9Jli, X) as multiplication by fclog(aai). Now acti is a Weil number of complex 
absolute value q 1+s , so log(aaj) ^ and hence the S)^--cohomology of H 1 (Wli,X) 
is zero by above observation. 

Let 1 < j < N and suppose the claim holds for j — 1. Now dim(9ftj- ) = 1, so again 
Hochschild-Serre gives an exact sequence 

* H^Si^-uX) * H^^y^X) — ► H^m^x)**-* 



£P W{Sy >it X) ^'- 1 (i5> i -i ) -H" 1 (OT i) X)) ► 
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By hypothesis, H % (S]>j-i, X) is zero for all i > 0. Now 9Jt„ acts trivially on 
H 1 (9Jtj , X) for all 1 < n < j , and fc £ J)^ acts on it as multiplication by k log(aay ) . 
As observed before, actj is a Weil number of absolute complex weight q 1+s , so the 
action is nontrivial and hence H 1 (dJtj, X) satisfies conditions (i) and (ii) above. By 
induction hypothesis, it then follows that H^ 1 (S) > j-i, H 1 (Dytj,X)) is zero for all 
i > 0, which proves the claim. □ 

Claim (II). For all 1 < j < N, we have IT) = for alH > 2. 

Proof of Claim II. Again, we procede by induction on j. 

j = 1: We have dim(.f)>i) = 2, so it is sufficient to prove that H 2 ($j > i, K) = 0. 
Hochschild-Serre gives an exact sequence 

H 2 (V K ,K) H^Sj^K) » ^(SK.ff 1 ^!^)) 

which proves the result using claim I. 

For 1 < j < N, the result is proved using Hochschild-Serre and the result of 
claim I. This finishes the proof of claim II and also of the proposition. □ 

□ 

As a corollary, we get the following proposition which gives a new proof of 
Proposition 2.12 in [31], using the standard argument as in A. 2. 9 in [7]. 

Proposition 5.6. Let v be a prime of F diving p where E has good ordinary 
reduction, and let w be a prime of F cyc dividing v. Assume that A has good ordinary 
reduction at v. Then H l (H w , £7 K>J) oo (fcoo.uO) * s finite for all i > 0. 

Proof. Suppose that E VjP oo (fcoo^) is finite. Let R be an open normal pro-p sub- 
group of H w . It is well-known (c.f. the proof of Proposition 4.2 in [3T]) that 
then H l (R 1 E vp ^(k oa , w )) is finite for all i, and we deduce the finiteness of the 
H l (H w , E VtP oa (koo,w)) from the Hochschild-Serre spectral sequence 

ff p (# w ,tf«(#,£ w , p ~(V™))) => HP+^H w ,E v ^(k^ w )). 
Suppose now that E v ^ p <x,(k ca ^ w ) is infinite. We will use without comment the no- 
tation of the proof of the previous proposition. Let T„{E V p °a) denote the Tate 
module of E VtP °o, and let V = T p (E ViP <x>) (g>z Q p . It is sufficient to prove that 
H l (H w , V) = for all i > 0. Now 8 acts on V as multiplication by some p-adic unit 
v, which is a Weil number of absolute complex weight q 1 ! 2 . As before, let K be a 
finite extension of Q p over which $ is diagonizable. Then it is sufficient to show 
that H 1 (S)k,Vk) — for all i > 0. The proposition now follows from applying 
Claim I of the proof of Proposition 15.51 to the Sjk module Vk- O 
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